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Abstract 

We consider f{T) gravity for a Weitzenbock spherically symmetric and static spacetime, where 
the metric is projected in the tangent space to the manifold for a set of non-diagonal tetrads. The 
matter content is coupled through the energy momentum tensor of an anisotropic fluid, generating 
various classes of new black hole and wormhole solutions. One of these classes is that of cold black 
holes. We also perform the reconstruction scheme of the algebraic function /(T) for two cases where 
the radial pressure is proportional to f{T) and its first derivative. 
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1 Introduction 

A special attention is now attached to the so-called Teleparallel Theory (TT). This is a geometric 
theory which possesses only torsion, without curvature, for characterising the gravitational interaction 
between matter fields. The TT is equivalent to the General Relativity (GR) [T], and the Weitzenbock 
connection [2 which generates the torsion of the spacetime, whose the contraction defines the action of 
the theory, which is invariant under local Lorentz transformation [3]. 
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With the progress of the measurements about the evohition of the universe, as the expansion and the 
acceleration, the dark matter and dark energy, various proposals for modifying the GR are being tested. 
As the unifications theories, for the scales of low energies, it appears in the effective actions besides the 
Ricci scalar, the terms R^, R'^'^Rfj^i, and R^'^°'^ R^iyap and the proposal of modified gravity that agrees 
with the cosmological and astrophysical data is f{R) theory 4, 5 . The main problem that one faces 
with this theory is that the equation of motion is of order 4, being more complicated than the GR for 
any analyse. Since the GR possesses the TT as analogous, it has been thought the called /(T) gravity, 
T being the torsion scalar, which would be the analogous to the generalizes GR, the f{R) gravity. The 
f{T) gravity is the generalization of the TT as we shall see later. Note also that the /(T) theory is free 
of the curvature, i.e., it is defined from the Weitzenbock connection. However, it has been shown recently 
that this theory breaks the invariance of the local Lorentz transformations [6 . Other recent problem is 
that the /(T) gravity appears to be dependent on the used frame, i.e., it is not covariant [6l[7]. 

The f{T) gravity appears in Cosmology as the source driving the inflation [8 . Also, it has been used 
as a theory that reproduces the acceleration of the universe without the necessity of introducing the dark 
energy [Qj [TOl E] . The contributions of the cosmological perturbations of this theory have been studied 
[12) . In gravitation, the first model of black hole which has been analysed was the BTZ 13;. Recently, 
also in the framework of f{T) gravity, several black hole and wormhole solutions with spherical symmetry 
have been found |14[|15[[T6] . Moreover, other analysis about various themes are being investigated in the 
context of /(T) gravity [22;,. 

In this paper, we study some solutions obtained by fixing the spherical symmetries and the staticity 
of the metric, as well as the more usual methods of GR |17| . Introducing an anisotropic matter content, 
we obtain new black hole and traversable wormholes solutions for the f{T) gravity, considering a set of 
non-diagonal tetrads. 

The paper is organized as follows. In Section 2, we will present a brief revision of the fundamental 
concepts of the Weitzenbok geometry, the action of the f{T) gravity and the equations of motion. In 
Section 3, we will fix the symmetries of the geometry and present the equations of the energy density, the 
radial and tangential pressures. The Section 4 is devoted for obtaining new solutions in the f{T) gravity. 
In Section 5, we present a summary of the reconstruction method for the static case of the theory f(T) 
and reconstruct two simplest cases linked with the radial pressure. The conclusion and perspectives are 
presented in the Section 6. 

2 The field equations from /(T) theory 

The mathematical concept of the f{T) gravity is based on the Weitzenbock's geometry and there 
exist some excellent works in this way [31 118| 119] . Our convention and nomenclature are the following: 
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the Latin index describe the elements of the tangent space to the manifold (spacetime), while the Greek 
ones the elements of the spacetime. For a general spacetimes metric, we can define the line element as 

dS^ = g^.^dx^'dx" . (1) 

This metric can be projected in the tangent space to the manifold, using the representation of the tetrad 
matrix, where the line element is 

dS'^ = gf.^dx'^dx'' = rjij0'e^ , (2) 
dx" = e, ^0' , 0' = e' ^dx" , (3) 

where rjij — diag[l, —1, —1, —1] and Cj^e' ^, — Sj^ or Gj^e-'^ = Sf. The square root of the metric determi- 
nant is given by \/~g — det [e*^] — e. Now, we describe the spacetime through the tetrad matrix, and 
then define the Weitzenbock connection as 

r^,-e,"5,eV = -eV9.e,". (4) 

From the definition of connection (|4]), the spacetime possesses a curvature identically null, having only the 
torsion contribution and its related quantities for this geometry. Due to the fact that the antisymmetric 
part of the connection does not vanish, we can define directly from the components of the connection, 
the torsion tensor, whose components are given by 

= - r". = " {d,e^ , - J . (5) 

Through the torsion tensor, we can define two important tensor in this geometry, the contorsion and the 
tensor S whose components can be written as 

= -liT^'c-T^^a-T^n , (6) 
S^"" = I (k^\ + S^^Tf'^'p - 5''^T^%) . (7) 

We are now able to define easily the scalar that makes up the action of /(T) gravity, the torsion scalar 
T. Through ([l])-©, we define the scalar torsion scalar as 

T = T'^^^S^^" . (8) 

Following the same idea of the GR and f{R) theory for the coupling of the geometry with the matter 
part, we define the action of the f{T) gravity as 



-^f{T)+CMatter 
f OTT 



(9) 



where we used the units in which G = c = I and the are the matter fields. Considering the action 
([9|) as a functional of the fields ej^ and $a, and vanishing the variation of the functional with respect to 
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the field ej,, which is the principle of minimum action, one obtains the following equation of motion [6] 

S^dpTfTT + [e-'e^^dp (ee, "5/") + T",^^/^] h + \s';j = 4^r; , (10) 

where 7^"^ is the energy momentum tensor, fr = df{T)/dT and /tt = (Pf{T)/dT^. If we consider 
/(T) = aiT + flo, the TT is recovered with a cosmological constant. 

We now introduce the matter content as being described by an anisotropic fluid, whose energy- 
momentum components are given by 

V = {p+ Pt) U^W^ - PtS^;, + {pr - Pt) V^V- , (11) 

where m'' is the four- velocity, the unit space-like vector in the radial direction, p the energy density, 
Pr the pressure in the direction of (radial pressure) and pt the pressure orthogonal to (tangential 
pressure). Since we are assuming an anisotropic spherically symmetric matter, on has Pr Pt-, such that 
their equality corresponds to an isotropic fluid sphere. 

In the next section, we will make some considerations for the manifold symmetries in order to obtain 
simplifications in the equation of motion and the specific solutions of these symmetries. 



3 Spherically Symmetric geometry 

The line element of a spherically symmetric and static spacetimes can be described, without loss of 
generality, as 

In order to re-write the line element (|12p into the invariant form under the Lorentz transformations as 
in 12]), we define a set of non-diagonal tetrads ([3]) as 

' e"/2 

, . _ e^/^ sin 6* cos S r cos 6 cos 

e''/^ sin 9 sin r cos 9 sin 

e''/2cos6' -rsind 

This choice of tetrad matrices is not unique, because the aim of letting the line element invariant under 
local Lorentz transformations, resulting in the form ([2]). Other choices have been performed with diagonal 
matrices, as in references |15[ IT6]. Using (|13p . one can obtain e — det [e'^] — e^^+^^/^r^ sin (6*), and with 
(U])-®, we determine the torsion scalar in terms of r 

T{r) = ^ (e^/^ - l) (e'l^ - 1 ~ ra') , (14) 



— r smf sine 
r sin 6 cos 6 



(13) 
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where the prime (') denote the derivative with respect to the radial coordinate r. One can now re-write 
the equations of motion (fTO]) for an anisotropic fluid as 



/ 

4 



f 



(l-r6'; 



fr 
2 



o-b/2 



{e-'^' l) (fr)' , 



T 
2" 

-6 



(/t)' 



2 4 
T 



/t / 



(15) 
(16) 
(17) 



where Pr and are the radial and tangential pressures respectively. In the case where there does not exist 
a set of non-diagonal, as in |151 116j . we get an off-diagonal equation (component 6 — r) which imposed 
to the algebraic function /(T) to be a linear function of T, or the torsion scalar had to be a constant, 
with a free f(T). Now, in this present paper, with the choice of a set of non-diagonal tetrads, we do 
not get such constraint equation, but rather, f(T) may assume an arbitrary functional form. In the next 
section, we will determine new solutions for the f{T) theory making some consideration about the matter 
component Pr(f)- 



4 New solutions for a set of non-diagonal tetrads 

In this section, we will study two simplest cases for a set of non-diagonal tetrads. The first is when 
the radial pressure Pr, in is identically null. This has been done originally in GR by Florides [T7] 
and used later by Boehmer et al [20j, and in /(T) gravity, the same condition has been used for the cases 
of diagonal tetrads [151 [H]. We can classify these two cases: 



1. Considering f{T) ~ J2n = in (fT6|) . we get 

n 

which yields 



(n + l)a„+i {T-^ + ^e-\l + ra') 



(18) 



We have three principal cases here: 
(a) When we make the choice of the quasi-global coordinate 

a{r) = -bir) , (20) 

equating with (IT9l) . one gets 

g-a(r) ^ e^^'-^) = 12{6a2^i(n + l)V2+a„+i(ri + l)r(a„r3 + 3co) + 
+2V3^al^^{n + 1)^3 [3a„+i(7i + l)r + a„r3 + Scq]} 
/ (a„r3+3co)' . (21) 
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This is a black hole solution, whose horizon is th — \/ ^icg/an, with sign[co/an] = — 1- 
(b) When we impose 



(22) 



with m > 2, equating ([H]) with p^ . one obtains 
2 



Mr) 



{<+i{n + lf[2r + {m-2)rH] 



+2a„a„+i(n + l)r2(r - r/f)[r + (m - l)?-^] - , (23) 

x{r) = a^+i(n + l)3[2r+(m-2)rff]2 X 

X (a„+i(n + l)[2r + (m - 2)rH? + 'ia,y{r - rjj)[r + (m - l)rff]) . (24) 

This is the first class of cold black holes solutions in /(T) gravity. The degenerated event 
horizon of order m is obtained in r ^ rn ■ 
(c) With the choice 

e"^^^ = ^ , (25) 
r 

and equating (fT4|) with pj|) . one gets 

a(r) = Co - -777 — ;^-T ( - 4roa„r ( 1 + W— ) + 32(n + l)a„+iln(r) 

16(n + l)a„+i L \ \l r J 

+2 (I6(n + l)a„+i + a„r^) ( arctan (^^]J^ - In (4?- " ^0) ) } ■ (26) 

This solution is completely different of that obtained in [TB], taking the same condition of 
coordinate but for a set of diagonal tetrads. 

2. When the radial pressure is simply a function of the radial coordinate r and the algebraic function 
/(T) is chosen as 



f{T)^a2T'^ + aiT + ao . 
In this case, substituting (p7)) into and taking the coordinate condition [TBI 

a(.)=ln(^) , 

we obtain 



T(r) 



Equating with p^ . taking into account we get the solution 



1 - yr(.) 



(27) 



(28) 



(29) 



(30) 



where T(r) is given in ()29|) . This is a new class of traversable wormhole solutions. We can observe 
this by following the same process as in [15 . This line element (fT2|) can be put in the form 

dS^ = e"('')dt2 - dP - r^l)dn'^ , (31) 

where a{r) is denoted redshift function, and through the redefinition /?(?") — r — e^^^^-*] , with 
b{r) being the metric function given in ()12p . /3{r) is called shape function. Therefore, the conditions 
of existence of a traversable wormhole are: a) the function r{l) must possess a minimum value 
ri for r, which imposes d^r{l)/dP > 0; b) — ri; c) a{ri) has a finite value; and finally d) 

dp{r)/dr\r=r, ^ 1. 

In this case, /3(r) = r[l — (1 — r^T(r)/2)^]. Hence, the conditions of a traversable wormhole a 
applied on the torsion scalar T(r), in (|29|) . The condition a), which can be explained in d'^r/dP = 
[/3(r) - rl3'{r)]/2r^ = ~r[l - r^T{r)/2][T{r) + rT'(r)/2] > 0, leads to [T(r) + rT'{r)/2] < 0; the 
condition b), yields T(ri) = 2/r^; the condition c) is always satisfied, as we can see through ([50)1 : 
and finally, the condition d) leads to [1 — r^T(r)/2] > 2r^[T{r) + rT'{r)/2], which is always true 
when a) is satisfied. 

Therefore, we must choose the torsion scalar, which will be defined from the radial pressure Pr{r), 
in ([29|). such that it satisfies the conditions a)-d), for obtaining traversable wormhole solutions. 
Let us consider first a class of solutions coming from the following example, T(r) = 2r™^^/r'", 
with ri > e TO > 3, which is obtained for pr{r) = [2air2™rf - aor2("'+i)rf - 8a2r"V™+2 + 
4a2r2r^™]/167rrfr2(™+i). The condition a) is satisfied, since dV/d/^ = (r™"V^™~^)[l-(^i A)""^] > 
0; the conditions b) and c) are also directly satisfied; and d) is satisfied through a). 



5 Reconstruction in static f(T) theory 

A method widely used in cosmology is called reconstruction. This method stems from the introduction 
of an auxiliary field for the reconstruction of the algebraic function of the main action, as in the case of 
the theory f{R) for example |21j . 

We can briefly present this method as follows. Considering the algebraic function 



f{T)^P{ip)T + Q{^) , 



(32) 



the functional variation of the action (|9]), with respect to (/?, is given by 

= . 



SS e 
Sip 16tt 



dip dip 



(33) 



Solving this equation, we get ip = ip{T), then, /(T) = P[ip{T)]T + Q[ip{T)]. Hence, we have the following 
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identities 

MT) = P+('-PT+f)^^PMT)], (34) 
\ dip dip J di 

fTT[T) = — . (35) 

Having in hand the equations (|32|) . (|34|) and (|35l) . and substituting into (fT5|) -(|17 p . we get 

inpr = -^[-l + e-''(l + ra')]-^, (37) 



2r' 

e-'' fa' 1 e-''/2\ dP e"^ 



Q 

4 



(38) 



The reconstruction can be performed directly, making use of the auxihary field p = r. This method may 
be used for re-obtaining or reconstructing, when the inversion r = r{T) is possible, for the /(T) theory 
in the static case. 

Let us draw up to cases here: 

1. For the case where /(T) is a linear algebraic function, the have the condition P e 3?, due to 
Considering now the condition ((28| . and that the radial pressure ([37)). obeys 

Pr = 5i/(T) , (39) 

where gi G 3?, we get 

' ] L „ (^^) pT (40) 

167r.gi + iyr2 \\QT:gi + l) ^ ' 

'—]pT-( ' U 



fiT) = ( , . , J -i- (41) 



Differentiating (|411) with respect to T, equating to P and integrating, we obtain the relation 

r(T) = [8^.91 (To -T)]-l/^ (42) 

where To is an integration real constant. Substituting in (HI]), the algebraic function f{T) is 
then constructed as 

f^T) = PT+(^^P^) . (43) 



IGngi + 1 

We see that Q is also a constant, given by the second term of pS]) . Substituting into (02]), one 
gets the following solution 

dS^ ^ 'JLde - ( ]^]l^l±l _ " dr' - r'dn' . (44) 
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This is a new traversable wormhole sohition. Fohowing the same process of the solution (|30|) . we 
obtain /3(r) = r[l — {k — Tor'^ /2)'^], with A; = (IGTrgi + l)/167r(7i, and then, the minimum of r is given 



by ri — ■\/2fc7Tj). The condition a), which in this case is given by <Pr/dP = —Tor{k — T^r'^ /2), and 
satisfied for Tq < and — l/167r < gi <0. The conditions b) and c) are directly satisfied, and d) is 
also satisfied for = f . 



(45) 



2. Taking the condition ([28l) . and considering that the radial pressure obeys [TBI 

47rpr^gif{T)+g2fT{T) , 
where 51,(72 G we get from ([57| that 



4P / 1 
1 r-r giT + g2 + — 



4P 



4.91 + 1 V 4 



.92 



1 
2^ 



Differentiating (|46| with respect to T and equating it to P, we get 

_dP (T 1 \ P dr 

In order to integrate this equation, we consider first P(r) = r'', then, (|T7)) becomes 

dr 



/c, , f / fc 



which is separable only for fc = 2, yielding 



r{T) = ri 



r-452 



251 



(46) 



(47) 



(48) 



(49) 



^ To - Ag2 , 

where Tq and ri are integration real constants. Substituting ([^^ into (|46l) . we have reconstructed 
the algebraic function /(T), as 



f{T) = 



1 



4gi 



f 



- 2 



(50) 



1 {To-Ag^Ysi 

This algebraic polynomial function f{T), can be better extended, when a particular more simplest 
case. One can illustrate the particular case in which Agi + 1 = 2, we get 



/(r) = air+(a2T2 



(51) 



where 02 — r\/2lTQ — Ag2) , ai — — 4(72»'i/(7o — 452) and oq = —1. Then, we see that our reconstruc- 
tion scheme leads to a function which presents the contributions of higher orders for the torsion 
scalar, added to the TT, which in this case is of second and zero orders in (ISTj) . 



6 Conclusions 

The particular choice of the representation of a spherically symmetric and static metric of a spacetime 
of Weitzenbock can be done in an arbitrary way, when we wish to maintain the invariance under local 
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Lorentz transformations. Therefore, when we choose a set of diagonal tetrads, for a projection in the 
tangent space to the manifold, the imposition of the function f(T) being linear in T, or a constant torsion 
scalar, is recovered. But, as described in this work, choosing a set of non-diagonal tetrads, we can get an 
arbitrary algebraic function f(T). Therewith, the second derivative of the function f{T), appears in the 
contribution of the energy density and the tangential pressure in ()15|) and ()17p . 

We shown some examples of new black holes and wormholes solutions. Through the fixation of the 
null radial pressure and the coordinates conditions (|20p - ((25|) . we illustrated an example of a black hole, 
([2T|) . of a cold black hole, in ([23| . and a solution for comparing the same conditions, with the diagonal 
case, in (f26| . 

We also imposed to the radial pressure to be just function of the radial coordinate, and f{T) to be 
a polynomial function of second order in T. We then obtained, through the coordinate condition ([SS)) , a 
new class of traversable wormholes solution in (|30|) . 

Finally, we made a summary of the reconstruction scheme for our static case of f{T) gravity. For 
a particular case of the algebraic function /(T) being a linear function, we were able to reconstruct it, 
considering that it is proportional the radial pressure. This case is that of a new solution of traversable 
wormholc. Taking into account the condition in which the radial pressure is a linear combination of the 
algebraic function f{T) and its derivative, we reconstructed f{T) as polynomial function of the torsion 
scalar T, where we shown the particular case in which /(T) gravity would be the TT plus some terms of 
second and zero orders for the torsion scalar T. 

Acknowledgement: M. H. Daouda thanks CNPq/TWAS for financial support. M. E. Rodrigues 
thanks UFES for the hospitality during the development of this work. 



References 

[1] Baojiu Li, Thomas P. Sotiriou, John D. Barrow, Phys.Rev.D 83: 064035 (2011). 
[2] R. Weitzenbock, Noordhoff, Groningen; Chap. XIII, Sec 7 (1923). 

[3] R. Aldrovandi and J. G. Pereira, An Introduction to Teleparallel Gravity, Instituto de Fisica Teorica, 



UNSEP, Sao Paulo (http://www.ift.unesp.br/gcg/tele.pdfl. 



[4] S. Nojiri and S. D. Odintsov, Phys. Rept. 505, 59-144 (2011); S. Nojiri and S.D. Odintsov, ECONF 
C 0602061:06, (2006); Int. J. Geom. Meth. Mod. Phys.4: 115-146, (2007). 

[5] S. Capozziello and V. Faraoni, Beyond Einstein Gravity, A Survey of Gravitational Theories for 
Cosmology and Astrophysics, Series: Fundamental Theories of Physics, Vol. 170, Springer, New 
York (2011). 



10 



[6] Baojiu Li, T. P. Sotiriou, and J. D. Barrow, Phys. Rev. D 83, 064035 (2011); Phys.Rev.D 83:104030 
(2011). 

[7] Cemsinan Deliduman and Baris Yapiskan, Absence of Relativistic Stars in f(T) Gravity, 
larXiv:1103."2225k ^3 [gr-qc]. 

[8] Rafael Ferraro and Franco Fiorini, Phys.Rev. D 75, 084031 (2007). 

[9] G. Bengochea and R. Ferraro, Phys.Rev. D 79:124019 (2009). 
[10] Ratbay Myrzakulov, Accelerating universe from F(T) gravities. larXiv:1006. 1120^1 [gr-qc]. 
[11] Eric V. Linder, Phys.Rev. D 81:127301 (2010). 

[12] Baojiu Li, Thomas P. Sotiriou, John D. Barrow, Phys.Rev.D 83:104017 (2011); Shih-Hung Chen, J. 
B. Dent, S. Dutta and E. N. Saridakis, Phys.Rev.D 83:023508 (2011). 

[13] Rafael Ferraro and Franco Fiorini, Phys.Rev. D 78:124019 (2008). 

[14] Tower Wang, Phys.Rev. D 84:024042 (2011). 

[15] M. Hamani Daouda, Manuel E. Rodrigues and M. J. S. Houndjo, Eur. Phys. J. C 71: 1817 (2011); 
larXiv:1108.2920k ^4 [astro-ph.CO]. 

[16] M. Hamani Daouda, Manuel E. Rodrigues and M. J. S. Houndjo, Static Anisotropic Solutions in f(T) 
Theory. [arXiv:1109.052 8V3 [physics. gen-ph], accepted for publication in European Physical Journal 
C. 

[17] P. S. Florides, A new interior Schwarzschild solution, Proc. R. Soc. Lond. A 337, 529-535 (1974). 

[18] R. Aldrovandi, J. G. Pereira and K. H. Vu, Brazilian Journal of Physics, vol. 34, no. 4A, December 
(2004). 

[19] H. I. Arcos and J. G. Pereira, Int.J.Mod.Phys. D13: 2193-2240 (2004). 

[20] Christian G. Boehmer and Francisco S. N. Lobo, Int.J.Mod.Phys. D 17:897-910 (2008). 

[21] S. Nojiri, S. D. Odintsov, Phys. Rev. D 74: 086005 (2006). 

[22] Jie Yang, Yun-Liang Li, Yuan Zhong and Yang Li, arXiv:1202. 01291 ^^1 [hep-th]; K. Karami and A. Ab- 
dolmaleki. larXiv:1201. 251 1^^1 [gr-qc]; K. Atazadeh and F. Darabi, iarXiv:1112. 2824V 1 [physics. gen- 
ph]; Hao Wei, Xiao-Jiao Guo and Long-Fei Wang, Phys.Lett.B 707:298-304 (2012); K. Karami, 
A. Abdolmaleki, arXi v: 11 11.72691 ^1 [gr-qc]; P. A. Gonzalez, Emmanuel N. Saridakis and Yerko 
Vasquez. larXiv:1110.4024k ^l [gr-qc]; S. Capozziello, V. F. Cardone, H. Farajollahi and A. Ravanpak, 



11 



Phys.Rev.D 84:043527 (2011); Rong-Xin Miao, Miao Li and Yan-Gang Miao, l arXiv:1107.05T5k ^3 
[hep-th]; Xin-hc Meng and Ying-bin Wang, Eur.Phys.J. C 71: 1755 (2011); Hao Wei, Xiao-Peng Ma 
and Hao-Yu Qi, Phys.Lett.B 703:74-80 (2011); Miao Li, Rong-Xin Miao and Yan-Gang Miao, JHEP 
1107:108 (2011); Surajit Chattopadhyay and Ujjal Debnath, Int.J.Mod.Phys.D 20:1135-1152 (2011); 
Piyali Bagchi Khatua, Shuvendu Chakraborty and Ujjal Debnath, l arXiv: 1105.3393 ^^1 [physics. gen- 
ph]; Yi-Fu Cai, Shih-Hung Chen, James B. Dent, Sourish Dutta and Emmanuel N. Saridakis, Class. 
Quantum Grav. 28: 215011 (2011); Rong-Jia Yang, Europhys.Lett. 93:60001 (2011). 



12 



